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Abstract
If the X(3872) is described by the picture as a mixture of the charmonium and
molecular D∗D states; Y (3940) as a mixture of the χc0 andD
∗D∗ states; and X(4260)
as a mixture of the tetra-quark and charmonium sates, their orthogonal combinations
should also exist. We estimate the mass and residues of the states within the QCD
sum rules method. We find that the mass splitting among X, Y and their orthogonal
states is at most 200 MeV . Experimental search of these new states can play critical
role for establishing the nature of the new charmonium states.
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1 Introduction
Last decade was quite an exciting and productive period in particle physics. Starting
from the first observation of the X(3872) meson by the Belle Collaboration [1] up to now
more than twenty new charmonium states have been observed (for a review see [2, 3]).The
main lesson from these discoveries is that these states (referred as XY Z states) can not
be described by the simple quark model, i.e., as a quark-antiquark system, and they are
believed to have more complex structures. Understanding the structure and dynamics of
these states is one of the hot problems in particle physics. In investigating the properties
of these states two pictures are widely used, namely, four-quark (tetra quark) or meson
molecules (bound states of two mesons) (for a review see [3] and [4]).
The mass and some of the strong coupling constants of the XYZ mesons with light
mesons are widely studied within the QCD sum rules method [5] in many works (see for
example [6, 7]). The first calculation of the mass of the X(3872) meson as a tetra-quark
state with the quantum numbers JPC = 1++ is performed within QCD sum rules method
in [6]. The X(3872) meson as a D∗D molecular state with the interpolating current,
jmolµ =
1√
2
[
(q¯aγ5ca)(c¯γµqb)− (q¯aγµca)(c¯γ5qb)
]
, (1)
was investigated in [7]. The next step in analysis of the properties of X(3872) is that it
is assumed to be a mixture of the charmonium and D∗D molecules [8]. The interpolating
current has the form,
j(1)µ = cos θ1j
ch
µ + sin θ1j
mol
µ , (2)
where
jchµ =
1
6
√
2
〈q¯q〉(c¯γµγ5c) ,
and jmolµ is given in Eq. (1). In [8], in order to reproduce the experimental value of the
mass, the mixing angle is calculated to be θ1 = (9± 4)0.
As far as the the state Y (3940) is concerned, it is described by the mixture of the scalar
χc0 and D
∗D∗ molecules [9]. In other words its interpolating current can be written as,
j(2) = cos θ2
(−〈q¯q〉√
2
c¯c
)
+ sin θ2(q¯γµc)(c¯γ
µq) . (3)
In the same manner, the mixing angle is calculated by requiring that it should reproduce
the mass of the Y (3940) state, and is found to have the value θ2 = (76± 5)0.
Finally, if one assumes that Y (4260) state is a mixture of the tetra quark and the
charmonium current given as [10],
j(3)µ = cos θ3j
ch
µ + sin θ3j
tet
µ , (4)
where
jchµ =
1√
2
〈q¯q〉(c¯γµc) ,
jtetµ =
1√
2
εabcεdec
[
(qTa Cγ5cb)(q¯dγµγ5Cc¯
T
e ) + (q
T
a Cγµγ5cb)(q¯dγ5Cc¯
T
e )
]
, (5)
1
and requires that it should reproduce the mass Y (4260) state, the mixing angle is calculated
to be θ3 = (53± 5)0 [10].
Using the same pictures the corresponding mixing angles are estimated within the QCD
sum rules method in [11], whose values are calculated to have the values θ1 = (2.4± 0.6)0,
θ2 = (20± 2)0, and θ3 = (20± 3)0, respectively.
If the correct pictures of the X(3872), Y (3940) and Y (4260) states were mixture of the
molecular or tetra quark states with charmonium states, the orthogonal combinations of
these states should also exist. In other words, these orthogonal X ′, Y ′ and Z ′ states should
be described by the following interpolating currents:
j(1)µ = − sin θ1jchµ + cos θ1jmolµ , (6)
j(2) = − sin θ2
(〈q¯q〉√
2
c¯c
)
+ cos θ2(q¯γµc)(c¯γ
µq) . (7)
j(3)µ = − sin θ3jchµ + cos θ3jmolµ , (8)
The aim of this letter is to calculate the mass and residues of these states described by
the interpolating currents (6), (7) and (6).
Consider the following two-point correlation functions,
Π(1)µν = i
∫
d4xeiqx
〈
0
∣∣∣T{j(1)µ (x)j(1)ν (0)
}∣∣∣ 0〉
= Π
(1)
1 (q
2)
(
gµν − qµqν
q2
)
+Π
(1)
0
qµqν
q2
, (9)
Π(2) = i
∫
d4xeiqx
〈
0
∣∣∣T{j(2)(x)j(2)(0)}∣∣∣ 0〉
= Π(2)(q2) , (10)
Π(3)µν = i
∫
d4xeiqx
〈
0
∣∣∣T{j(3)µ (x)j(3)ν (0)
}∣∣∣ 0〉
= Π
(3)
1 (q
2)
(
gµν − qµqν
q2
)
+Π
(3)
0
qµqν
q2
. (11)
According to the duality principle the phenomenological part of these correlation functions
can be calculated in terms of quarks, gluons and hadrons by inserting complete set of
hadrons carrying the same quantum quantum numbers as the interpolating currents them-
selves. Then isolating the ground states, and performing summation over the spins (if ever
exist) we get,
Π(1)µν =
〈0|j(1)µ |B(q)〉〈B(q)|j(1)ν |0〉
q2 −m2B1
+ · · ·
=
λ(1)2
m2B1 − q2
(
− gµν + qµqν
m2B1
)
+ · · · (12)
Π(2) =
λ(2)2
m2B2 − q2
+ · · · (13)
Π(3)µν =
λ(3)2
m2B3 − q2
(
− gµν + qµqν
m2B1
)
+ · · · , (14)
2
where · · · means the contributions of the higher states and continuum, and we have used,
〈
0
∣∣j(1),(3)µ ∣∣B(q)〉 = λ(1),(3)ε(1),(3)µ ,〈
0
∣∣j(2)∣∣B(q)〉 = λ(2) .
The continuum contribution to the spectral density is modeled as a spectral density from
the operator product expansion (OPE) starting form some threshold s0, i.e.,
ρcont(s) = ρOPEθ(s− s0) ,
where θ(s− s0) is the Heaviside step function.
In order to construct the sum rules for the mass and residues of new charmonium states
the calculation of the correlation functions in terms of the quark and gluon degrees of
freedom using the operator product expansion (OPE) are needed. On the other hand, to
be able to calculate the correlation functions from QCD side the heavy and light quark
propagators are needed, whose expressions in the coordinate space are given as,
Sq(x) =
i/x
2pi2x4
− mq
4pi2x2
− 〈q¯q〉
12
(
1− imq
4
/x
)
− x
2
192
m20〈q¯q〉
(
1− imq
6
/x
)
− αspix
2/x
2335
〈q¯q〉2 + 1
32pi2
gsGµν
σµν/x+ /xσµν
x2
− pi
2x4
2833
〈q¯q〉〈g2sG2〉
− αsmqpix
4
2535
〈q¯q〉2 − mqx
2/x
2732
m20〈q¯q〉+ · · ·
SQ =
m2Q
4pi2
[
i/x
(−x2)K2(mQ
√
−x2) + 1
(
√−x2)K1(mQ
√
−x2)
]
− mQgsGµν
32pi2
[
i(σµν/x+ /xσµν)
(
√−x2) K1(mQ
√
−x2) + 2σµνK0(mQ
√
−x2)
]
− 〈g
2
sG
2〉
2304pi2
[
(imQ/x− 6)(
√
−x2)K1(mQ
√
−x2) +mQ(−x2)K2(mQ
√
−x2)
]
.
The theoretical part of the correlation function(s) can be written in terms of the dis-
persion relation as,
Π(i)(q2) =
∫ ∞
4m2
c
ds
ρOPE
(i)
(s)
s− q2 . (15)
Choosing the coefficient of the gµν structure for the correlators (9) and (11), for the spectral
densities we get,
ρ1(q
2) =
1
4096pi6
∫ αmax
αmin
dα
∫ βmax
βmin
dβ
{
3αβ[1− (α + β)2]µ41
− 6mcmq(α + β)(1− α− β)(3− α + β)µ31
− 48pi2
[
(α+ β)(1 + α + β)mc + 2αβmq
]
〈q¯q〉µ21
+ 24pi2
[
16mcmq + (α + β)m
2
0
]
mc〈q¯q〉µ1
}
cos2 θ
3
+
1
1536pi4
{
36α(1− α)mq〈q¯q〉µ22 cos2 θ − 2
(
m20
[
9mc − 6α(1− α)mq
]
+ 8pi2α(1− α)〈q¯q〉
)
〈q¯q〉µ2 cos2 θ + 4
(
3m20mq
[
3m2c − α(1− α)s
]
+ 2pi2
[
10m2c − 9mcmq + 2α(1− α)s
]
〈q¯q〉
)
〈q¯q〉 cos2 θ
− 16pi2
[
m2c + α(1− α)(µ2 − s)
]
〈q¯q〉2 sin θ(sin θ + 2 cos θ)
}
, (16)
ρ2(q
2) =
1
512pi6
∫ αmax
αmin
dα
∫ βmax
βmin
dβ
{
− 3αβ(1− α− β)µ41 + 6(1− α− β)(α+ β)mcmqµ31
+ 24pi2(α+ β)mc〈q¯q〉µ21 − 192pi2m2cmq〈q¯q〉µ1
}
cos2 θ
+
1
384pi4
∫ αmax
αmin
dα
{
− 36α(1− α)mq〈q¯q〉µ22 cos2 θ
+
(
3m20
[
3mc − 8α(1− α)mq
]
+ 64pi2α(1− α)〈q¯q〉
)
〈q¯q〉µ2 cos2 θ
+
(
6m20mq
[
− 6m2c + 2α(1− α)s
]
+ 16pi2
[
mc(3mq − 4mc)− 2α(1− α)s
]
〈q¯q〉
)
〈q¯q〉 cos2 θ
+ 48pi2
[
m2c + α(1− α)(2µ2 − s)
]
〈q¯q〉2 sin θ(3 sin θ − 2
√
2 cos θ)
}
, (17)
ρ3(q
2) =
1
3072pi6
∫ αmax
αmin
dα
∫ βmax
βmin
dβ
{
3αβ[1− (α + β)2]µ41 − 2(1− α− β)3m2cµ31
+ 192pi2αβmq〈q¯q〉µ21 − 96pi2(5− α− β)m2cmq〈q¯q〉µ1 − 16pi2m20m2cmq〈q¯q〉
}
cos2 θ
+
1
192pi4
∫ αmax
αmin
dα
{
α(1− α)〈q¯q〉µ2
[
6mqµ2 − (m20mq + 16pi2〈q¯q〉
]
cos2 θ
−
(
2m20mq
[
3m2c + α(1− α)s
]
+ 8pi2
[
m2c + α(1− α)(m20 − s)
]
〈q¯q〉
)
〈q¯q〉 cos2 θ
+ 24pi2
[
m2c − α(1− α)(µ2 − s)
]
〈q¯q〉2 sin θ(3 sin θ − cos θ)
}
, (18)
where
µ1 =
m2c(α + β)
αβ
− s ,
µ2 = µ1(β → 1− α) ,
βmin =
αm2c
αs−m2c
,
βmax = 1− α ,
αmin =
1
2
(1− v) ,
αmax =
1
2
(1 + v) , and,
v =
√
1− 4m
2
c
s
.
For simplicity, in these expressions we do not present the terms proportional with the
4
gluon condensate 〈g2sG2〉, and dimension-6 quark condensate operators. It should be noted
that these spectral densities are all calculated in [8–10]. Perturbative parts of our results
coincide with those presented in [8–10], while there are some discrepancies in quark con-
densates and d = 5 operators.
Equating the spectral densities given in Eqs.(16), (17) and (18) with the coefficients of
Π1, Π2 and Π3, respectively, and performing Borel transformation over −q2, we get
λ(i)2e−m
2
1/M
2
=
∫ s0
4m2
c
dsρ
(1)
i e
−s/M2 , (19)
where i = 1, 2, 3. In deriving Eq.(19) the quark-hadron duality ansatz have been used,
i.e., the contribution of the continuum and higher states are assumed to be same as the
perturbative ones starting on from the threshold.
In order to obtain the mass sum rules for the mass, We take the derivative of Eq. (19)
with respect to 1/M2 on both sides, and divide the obtained result by itself, from which we
obtain
m2i =
∫ s0
4m2
c
ds sρ
(1)
i e
−s/M2
∫ s0
4m2
c
dsρ
(1)
i e
−s/M2
. (20)
Numerical analysis
Here in this section we present the results of the numerical analysis on the mass and residues
of of the considered new charmonium states. For the c-quark masses we have used its M¯S
scheme masses, m¯c(m¯c) = (1.28 ± 0.03) GeV , 〈q¯q〉 = (1 GeV ) = −(0.246+28−19 MeV )3,
m20 = (0.8± 0, 2) GeV 2, 〈s¯s〉 = 0.8〈q¯q〉, and ms(2 GeV ) = (102± 8) MeV .
The sum rules for the mass and residue contain two auxiliary variables, namely, the
Borel mass parameter M2, and the continuum threshold s0. Any physical quantity should
be independent of them, and therefore our primary aim is to find the regions of M2 and s0,
where the mass and residue are practically independent of them. It should be noted here
that the continuum threshold itself is not a totally arbitrary parameter, but related to the
first excited state. However, since no up to date information is available about the first
excited states of the considered charmonium states, we take the value of the continuum
threshold as s0 = (mground+0.5)
2 GeV 2. The lower limit of M2 is determined by requiring
that the operator product expansion series is convergent. In other words the contribution of
the perturbative part must dominate over the nonperturbative one. The upper bound ofM2
is decide from the condition that the contribution coming from the continuum constitutes
about 1/3 of the contribution coming from the perturbative part, that is, the ratio
R =
∫∞
s0
dsρ(s)e−s/M
2
∫∞
4m2
c
dsρ(s)e−s/M2
<
1
3
,
which leads to the following “working regions” of the Borel mass parameter,
2.4 ≤ M2 ≤ 4.0 GeV 2 for X ′ state ,
5
2.5 ≤ M2 ≤ 4.0 GeV 2 for Y ′ state ,
2.5 ≤ M2 ≤ 5.0 GeV 2 for Y ′′ state ,
In figures (1), we present the dependence of the mass of X ′ state on M2, at the fixed value
of the continuum threshold
√
s0 = 4.4 GeV and of the mixing angle θ. We observe from
these figures that, in the considered domains of M2, the results exhibit good stability with
respect to the variation in M2, and seem to be practically insensitive to the variations
in s0 and the mixing angle θ. As has already been noted, if X meson is represented as
mixture of the charmonium and D∗D molecular states, it is found in [11] the mixing angle
is equal to θ = (2.4 ± 0.3)0. In other words, in this picture X(3872) state can be said to
be composed of pure charmonium and its orthogonal combination X ′ which is described by
the D∗D molecular state. The study of the decay channels of X(3872) and X ′ states can
give unambiguous useful information about the “correct” pictures of these states. Our final
result for the mass of the X ′ is that,
mX′ = (3.75± 0.15) GeV .
In Fig. (2) we present the M2 dependence of the residue of X ′ on M2 for the mixing
angle θ = 2.40, at the fixed value of the continuum threshold
√
s0 = 4.4 GeV . We observe
that the residue is weakly dependent on M2, and we deduce from this figure that
λX′ = (1.3×±0.2)× 10−2 GeV 3.
The dependencies of the mass and residue Y ′ state on M2 for the mixing angle θ = 200,
at
√
s0 = 4.4 GeV are presented in Figs. (3) and (4), respectively. We observe from these
figures that, again, the mass and residue of Y ′ state seem to be practically insensitive with
respect to the variation in M2, whose values are calculated to be,
mY ′ = (3.85± 0.20) GeV ,
λY ′ = (1.9± 0.4)× 10−2 GeV −3 .
Performing similar approach for the Y ′′ state, we see from Figs. (5) and (6) that,
mY ′′ = (4.4± 0.1) GeV ,
λY ′′ = (2.0± 0.2)× 10−2 GeV −3 .
We would like to note here that, only Y ′′ state is sensitive to the change in the value of
the mixing angle θ. With the increasing value of θ, the mass of the Y ′′ state is decreasing,
for example, at θ = 400 mY ′′ = (4.0± 0.1) GeV ; and at θ = 500 mY ′′ = (3.9± 0.1) GeV .
From these predictions of the masses of X ′, Y ′ and Y ′′ states, and the experimental
values of X(3872), Y (3940), Y (4260) states we observe that the splittings among these
states are at most 100 ≤ ∆m ≤ 200 MeV . These results can be checked in future planned
experiments after the discovery of the X ′, Y ′ and Y ′′ states.
The predicted results for the residues of the Y ′′ and Y (4260); and Y (3940) states re-
spectively are very close to each other, while the result for the X ′ state is three times larger
compared to that of the X(3872) state.
6
Using the picture that assumes X(3872) as the mixture of the charmonium and the
molecular D∗D states; Y (3940) as the mixture of the χc0 and D
∗D∗ states; and X(4260)
as the mixture of the tetra-quark and charmonium states, we calculate the mass and the
residues of their orthogonal states within the QCD sum rules method. We obtain that
the mass splittings among these states is around 200 MeV . Experimental search of new
orthogonal states can be quite useful in establishing correct picture of these states. The
study of the decay channels can also be very useful in this investigation.
7
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Figure captions
Fig. (1) The dependence of the mass of the X ′ state on Borel mass square M2 for the
mixing angle θ = 2.40, at the fixed value of the continuum threshold
√
s0 = 4.4 GeV .
Fig. (2) The dependence of the residue of the X ′ state on Borel mass square M2 for
the mixing angle θ = 2.40, at the fixed value of the continuum threshold
√
s0 = 4.4 GeV .
Fig. (3) The dependence of the mass of the Y ′ state on Borel mass square M2 for the
mixing angle θ = 200, at the fixed value of the continuum threshold
√
s0 = 4.4 GeV .
Fig. (4) The dependence of the residue of the Y ′ state on Borel mass square M2 for
the mixing angle θ = 200, at the fixed value of the continuum threshold
√
s0 = 4.4 GeV .
Fig. (5) The dependence of the mass of the Y ′′ state on Borel mass square M2 for
the mixing angle θ = 200, at the fixed value of the continuum threshold
√
s0 = 4.6 GeV .
Fig. (6) The dependence of the residue of the Y ′′ state on Borel mass square M2 for
the mixing angle θ = 200, at the fixed value of the continuum threshold
√
s0 = 4.6 GeV .
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